Abstract. We construct a measure hyperbolic manifold which does not admit a Hermitian metric whose Ricci curvature is negatively bounded. We construct a C-connected Stein manifold which is not densely sub-Euclidean or Runge (in the sense of Gromov). We find some conditions under which the Eisenman intrinsic k-measure of a complex manifold does not change when we delete an exclusive divisor of this manifold.
Introduction
In this short note we develop further some results which were obtained in [Ka95] . Recall that for every k = 1, . . . , m each complex manifold M of dimension m possesses k-dimensional Eisenman intrinsic measure E M k which depends only on the complex structure of M (see [E70] ). The Eisenman intrinsic m-measure is called the Kobayashi-Eisenman pseudovolume of M . Other intrinsic measures on M were introduced by Yau [Y75] . We call them the Yau k-measures Y is the Yau pseudovolume respectively. The advantage of the Yau measures is that they are invariant under bimeromorphic mappings while the Eisenman measures are invariant only under biholomorphic mappings. In [Ka95] we began to study the behavior of Eisenman measures under bimeromorphic mappings and we established the following fact. If σ :M → M is the blowing-up of M with centrum at a submanifold A of codimension ≥ 2, then under some additional condition on A the measure EM −Ã k coincides with the restriction of EM k toM −Ã, whereÃ is the exclusive divisor of σ. In other words, the Eisenman intrinsic k-measure does not change under deleting of this exclusive divisor. Our attempts to show that this additional condition is necessary failed and, in fact, we found out that this behavior of Eisenman measures under blowing-ups remains the same in some other cases which will be discussed in section 6 of this paper. This enables us to answer positively to the following question of Zaidenberg: whether EM 3806 SHULIM KALIMAN the same example produces the negative answers to other questions which were, unfortunately, unknown to the author while he was preparing the earlier paper.
The first question (Demailly) is whether the fact that M is measure hyperbolic implies the existence of a Hermitian metric on M with a negatively bounded Ricci curvature. We discuss it in section 3.
In [G89] Gromov introduced the notions of a C-connected manifold, a densely sub-Euclidean manifold, and a Runge manifold. A complex manifold is called Cconnected if any two points of this manifold lie in a holomorphic image of C in this manifold. A complex manifold is densely sub-Euclidean if it contains a dense image of a Euclidean space under a holomorphic mapping. A complex manifold of dimension m is Runge if every holomorphic mapping from a ball of dimension m into this manifold can be approximated on compacts by holomorphic mappings from C m . The second question (Gromov [G89, p. 881 ]) which will be discussed in sections 4 and 5 asks whether a C-connected manifold must be densely subEuclidean or Runge.
Preliminaries
In this section we remind the formulations of the results from [Ka95] more accurately. We suppose that the definitions of the Eisenman and Yau intrinsic measures are known (e.g., see [E70] , [Y75] , [Ko76] , [GW85] 
In order to describe the counterexample to the question of Kobayashi we need one more fact, besides this theorem.
its Kobayashi-Eisenman pseudovolume is volume at each point of L .
After blowing C m up at each point of T one obtain a new manifoldL whose Yau pseudovolume is identically zero (sinceL is bimeromorphically equivalent to C m via the natural projection π :L → C m ). On the other hand, by the above Theorem and Lemma, the Kobayashi-Eisenman pseudovolume ofL is volume oñ L −T whereT is the preimage of T inL. HenceL is measure hyperbolic and, therefore, it provides the negative answer to Kobayashi's question.
3.
We suppose that the definitions of the Ricci curvature of a Hermitian metric and a negatively bounded Ricci curvature are known (e.g., see [Ko76] , [GW85] ).
In order to answer the question of Demailly we need to apply the following remarkable fact [Ko76, Theorem 6.7 
]:
Every complex manifold which admits a Hermitian volume whose Ricci curvature is negatively bounded must be meromorphically measure hyperbolic.
Now we see thatL cannot possess a Hermitian metric with negatively bounded Ricci curvature in spite of the fact that it is measure hyperbolic.
4.

Proposition. Suppose that the Kobayashi-Eisenman pseudovolume of a complex manifold M is volume at least at one point o. Then M is not Runge. If the Kobayashi-Eisenman pseudovolume is a volume on an open subset of M , then M is not densely sub-Euclidean.
Proof. Consider a holomorphic mapping of a ball (which has the same dimension m as M ) into a coordinate neighborhood of o such that o is the image of the origin and the Jacobian of this mapping at the origin is nonzero (we fix some local coordinate system in the neighborhood of o in order to determine the Jacobian). Assume that M is Runge. Then there exists a holomorphic mapping from C m to M so that o is the image of the origin and the Jacobian of this mapping at the origin is nonzero. Since the Kobayashi-Eisenman pseudovolume of C m is identically zero, we see that the Kobayashi-Eisenman pseudovolume of M must be zero at o, by the decreasing property of Eisenman measures under holomorphic mappings (e.g., see [GW85, Lemma 2.16 ]) (it follows also from the definition of Eisenman measures). This contradiction shows that our assumption that M has the Runge property is wrong. Similarly, if M contains a dense image of a Euclidean space under a holomorphic mapping, then the Kobayashi-Eisenman pseudovolume is identically zero on this image which proves the second statement.
Thus the manifold L introduced in section 2 is not Runge since it is measure hyperbolic. It is easy to see that the Kobayashi-Royden pseudometric of L is zero (e.g., see [KZ] , [CHO76] ). This shows already that the triviality of the KobayashiRoyden pseudometric is not the weakest ellipticity condition (see [G89, p. 881] ). One can also see that a stronger fact holds for L .
Lemma. The manifold L is C-connected.
Proof. We consider the case of m = 2 only. Then L ⊂ C 2 . Suppose that (x, y) is a coordinate system in C 2 , and w k = (x k , y k ) (k = 1, 2) are points in L . Without loss of generality we may suppose that x 1 = x 2 . Consider a polynomial p ∈ C[x] of degree 2 such that p(x k ) = y k (k = 1, 2) and consider the curve Γ p = {(x, y) ∈ C 2 | y = p(x)} which is isomorphic to C. The set of all polynomials p with the above property forms an algebraic curve C. Let w ∈ T . Then w ∈ Γ p only for at most one point p ∈ C. Hence for every p which belongs to the complement of a countable subset in C the curve Γ p does not meet T while it contains w 1 and w 2 .
Thus L produces the negative answer to the question of Gromov.
5.
The manifold L is not Stein. One may ask whether in the case of a Stein manifold the C-connectedness implies that the manifold is densely sub-Euclidean or Runge. We show below that it is not so.
Consider againL, T, m, and π from section 2. Suppose that m = 2 and fix a coordinate system (x, y) on C 2 . Let T = {w . We obtain a new manifoldL * which is measure hyperbolic sinceL is measure hyperbolic andL * is a dense submanifold ofL. ThusL * is not Runge, by Proposition 4.
Lemma. The manifoldL * is Stein and C-connected.
Proof. We check first thatL * is C-connected. Letw k (k = 1, 2) be points inL * . If none of this points belongs to a curve π −1 (w) for some w ∈ T, then these points lie in a holomorphic image of C, by Lemma 4. The same is, obviously, true when they belong to the same curve π −1 (w). Thus we need to assume that either π(w 1 ), or π(w 2 ), or both of them are in T , and π(w 1 ) = π(w 2 ). Consider, for instance, the case when
} which is isomorphic to C. The set of all polynomials p with the above property forms an algebraic curve C. Let w ∈ T − {w 1 , w 2 }. Then w ∈ Γ p only for at most one point p ∈ C. Hence for every p which belongs to the complement of a countable subset in C the curve Γ p does not meet T − {w 1 , w 2 } while it contains w 1 and w 2 . One can see that the proper transform of Γ p inL is contained, actually, inL * and this proper transform contains the pointsw 1 andw 2 . The case when only one of the points π(w k ) (k = 1, 2) belongs to T can be treated in the same manner. ThusL * is C-connected.
We suppose further that |w
We obtain a new manifold L n . Denote by π n the restriction of π n to L n . Then there is a natural projectionπ n :L * → L n such that π n •π n coincides with the restriction of π toL * . Let B be an open ball in C 2 with center at the origin and with radius |w
n (B) and B n =π −1 n (B n ). Note that the restriction ofπ n toB n is a biholomorphic mapping betweenB n and B n . The manifold L n is Stein since it is isomorphic to the affine algebraic variety
. . , n}. Thus every two points in B n may be distinguished by a holomorphic function f on L n . Hence every two points inB n may be distinguished by the holomorphic function f •π n , which is the first condition needed forL * to be Stein. LetK be a compact inL
Hence the holomorphic hullK n of K n in L n is contained in B n and the holomorphic hull ofK is contained inB n . Since L n is Stein,K n is compact. SinceB n is biholomorphic to B n viaπ n , we see that the holomorphic hull ofK, which is contained inπ −1 n (K n ), is also compact. HenceL * is holomorphically convex and, therefore, Stein.
Therefore, one can see thatL * is a C-connected Stein manifold which is not densely sub-Euclidean or Runge.
6.
The aim of this section is to strengthen Theorem 2. We shall use the following notation: M,M, A,Ã, σ, have the same meaning as in the introduction, S is a Stein manifold,F : S →M is a holomorphic mapping whose image is not contained completely inÃ, and F = σ •F. We consider the graphs Γ ⊂ N := S × M and Γ ⊂Ñ := S ×M of the mappings F andF respectively. Denote the mapping (id, σ) :Ñ → N by τ . Let ρ : Γ → M andρ :Γ →M be the natural projections. Put E = ρ −1 (A) andẼ =ρ −1 (Ã). Consider the following holomorphic vector bundles on E: W is the restriction of the tangent bundle T N of N to E, W 0 is the bundle τ * (TÑ|Ẽ) over E where TÑ is the tangent bundle ofÑ (W 0 is a holomorphic bundle, by [Ka95, Lemma 3.2] ), and W is the quotient bundle W /W 0 whose rank is − 1 [Ka95] . By the Oka-Weil-Grauert principle (e.g., see [L86] ), if W has a continuous nowhere zero section, it has a similar holomorphic section. Since W has this continuous section only if the Chern class c −1 (W ) = 0 (e.g., see [Hi66] ), we can reformulate Lemma 3.4 from [Ka95] as follows. 
Proposition. Let
